Abstract. We prove that open Gromov-Witten invariants for semi-Fano toric manifolds of the form
Introduction
Let X be a compact complex n-dimensional toric manifold equipped with a toric Kähler structure ω. Let L be a Lagrangian torus fiber of the moment map associated to (X, ω). In [10], Fukaya, Oh, Ohta and Ono define open GromovWitten invariants for (X, L) as follows. Let β ∈ π 2 (X, L) be a relative homotopy class with Maslov index µ(β) = 2. Let M 1 (L, β) be the moduli space of holomorphic disks in X with boundaries lying in L and with one boundary marked point representing the class β. A compactification of M 1 (L, β) is given by the moduli space M 1 (L, β) of stable maps from genus 0 bordered Riemann surfaces (Σ, ∂Σ) to (X, L) with one boundary marked point representing the class β. As shown by Fukaya et al. in their monumental work [9] , M 1 (L, β) is a Kuranishi space with real virtual dimension n. By Corollary 11. X is nef. Let h ∈ H 2 (X, Z) be the fiber class. Let α ∈ H 2 (X, Z) be an effective class with c 1 (α) = c 1 (X) · α = 0. Consider the moduli space M 0,1 (X, h + α) of genus 0 stable maps to X with one marked point representing the class h + α. 1 
([pt])
for any effective class α ∈ H 2 (X, Z) with c 1 (α) = 0. Note that β 0 + α ∈ π 2 (X, L) is a Maslov index two class since c 1 (α) = 0. We will prove this formula in Section 4 by comparing the Kuranishi structures of M 1 (L, β 0 + α) and M 0,1 (X, h + α).
We can apply this formula to study mirror symmetry. Recall that the mirror of a compact toric n-fold X is given by a Landau-Ginzburg model (X ∨ , W) consisting of a bounded domain X ∨ ⊂ (C * ) n and a holomorphic function W : X ∨ → C called the mirror superpotential. In [10] (see also Cho-Oh [8] , Auroux [1, 2] , ChanLeung [6, 7] ), Fukaya, Oh, Ohta and Ono show that the mirror superpotential can be expressed as a power series whose coefficients are the open GromovWitten invariants defined above. However, when X is non-Fano, these invariants are in general very hard to compute. The only known examples are the mirror superpotentials for the Hirzebruch surfaces F 2 and F 3 , first computed by Auroux in [2] using degeneration methods and wall-crossing formulas. More recently, Fukaya, Oh, Ohta and Ono [12] give a different proof for the F 2 case.
As an immediate application of our formula, we can express the mirror superpotential of X = P(K Y ⊕ O Y ) in terms of 1-point closed Gromov-Witten invariants (see Theorem 5.1). In particular, since F 2 = P(K P 1 ⊕ O P 1 ) and its GromovWitten invariants are easy to compute as it is symplectomorphic to P 1 × P 1 , this gives a very simple proof of the formula for the mirror superpotential of F 2 . See the example in Section 5. Our formula has since then been applied to study mirror symmetry for various classes of toric manifolds. See Lau-Leung-Wu [15, 16], Chan-Lau-Leung [5] and Chan-Lau [4] for more details.
The rest of this paper is organized as follows. In Section 2, we briefly review Kuranishi spaces and recall the results that we need in this paper. In Section 3, we establish several preliminary results concerning the toric manifolds
. In Section 4 we prove our formula by a direct comparison of Kuranishi structures. In Section 5, we discuss applications of our formula to mirror symmetry.
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Kuranishi structures
In this section, we briefly review the theory of Kuranishi spaces and recall some of their properties for later use. We follow Appendix A1 in the book [9] . See also Section 3 in Fukaya-Ono [14] .
Let M be a compact metrizable space. 
Moreover, these data should satisfy the following conditions:
2 Here and in C2 below, we regard ψ τ as a map from s −1 τ (0) to M by composing with the quotient map
3 Here and after, we also regard s σ as a section s σ :
The spaces E σ are called obstruction spaces (or obstruction bundles), the maps {s σ : V σ → E σ } are called Kuranishi maps, and
To define virtual fundamental chains, we need Kuranishi spaces with extra structures. Definition 2.2 (Definitions A1.14, A1.17 in [9] 
Then V (σ,p) is a smooth manifold since ev σ is a submersion. We also set E (σ,p) = E σ , Γ (σ,p) = Γ σ and define s (σ,p) , ψ (σ,p) in the obvious way. This defines a Kuranishi neighborhood of (σ, p) ∈ Z, and they glue together to give a Kuranishi structure on Z.
Lemma 2.1 (Lemma A1.39 in [9] 
In this section, we shall establish some elementary properties of the toric manifold X which will be of use later.
Let e 1 , . . . , e n be the standard basis of a rank n lattice N ∼ = Z n , and let
Without loss of generality, we can choose the primitive generators of the 1-dimensional cones of the fan ∆ in N R defining X to be
Here, the superscript "eff" refers to effective classes. Moreover, we have c 1 (h) = 2 and c 1 
The focus σ(P) of P is the cone in ∆ of the smallest dimension which contains
. . , v j q be the generators of σ(P). Then there exists positive integers n 1 , . . . , n q such that
This is known as a primitive relation. Recall that the homology group H 2 (X, Z) is given by the kernel of the surjective map
is generated by primitive relations.
In our case, P 0 := {v 0 , v m+1 } is obviously a primitive collection for ∆. The primitive relation v 0 + v m+1 = 0 corresponds to the fiber class h of the P 1 -bundle X → Y. It is obvious that we have c 1 
By Proposition 4.1 in Batyrev [3] , we have P ∩ P 0 = ∅ for any other primitive collection P = P 0 . Suppose that P = P 0 is a primitive collection consisting of the
Now, let w j 1 , . . . , w j q be the generators of the focus σ(P ′ ) of P ′ . The primitive relation for ∆ ′ is given by (3.1)
Proof. Suppose that ϕ : P 1 → X is a nonconstant holomorphic map with class h + α for some α ∈ ι 0 * H eff 2 (Y, Z). From the proof of the above lemma, we know that the class h + α corresponds to the primitive relation (1) . (2) can be proved in the same way.
Proof of Theorem 1.1
We can now start our proof of Theorem 1.1. We equip X = P(K Y ⊕ O Y ) with a toric Kähler structure ω. Let L ⊂ X be a Lagrangian torus fiber of the associated moment map.
is the boundary map, and π 2 (X, L) is generated by β 0 , β 1 , . . . , β m , β m+1 . Moreover, each β i is represented by a family of holomorphic disks
Fix a nonzero effective class α ∈ H eff 2 (X, Z) with c 1 (α) = 0. Let M 1 (L, β 0 + α) be the moduli space of stable maps from genus 0 bordered Riemann surfaces to (X, L) with one boundary marked point representing the class β 0 + α. To simplify notations, we denote M 1 (L, β 0 + α) by M L . Similarly, we denote by M X the moduli space M 0,1 (X, h + α) of genus 0 stable maps to X with one marked point representing the class h + α. We have evaluation maps
By [9] , both M L and M X are oriented Kuranishi spaces with tangent bundles, and the evaluation maps are both strongly smooth and weakly submersive. The real virtual dimensions of M L and M X are n and 2n respectively. Moreover, since µ(β 0 + α) = 2, we have ∂M L = ∅ by Corollary 11.5 in [10]. It is also well-known that M X has no boundary. Hence, they define virtual fundamental cycles
{p} ֒→ L (resp. ι : {p} ֒→ X) be the inclusion of the point p. We can then apply the construction in Definition 2.3 and Lemma 2.1 to give oriented Kuranishi structures with tangent bundles on the spaces:
Now Lemma 2.2 says that
Proposition 4.1. We have
Therefore, to prove Theorem 1.1, it suffices to show that M L p and M X p have the same Kuranishi structures.
To do this, we first show that M L p can naturally be identified with M X p as a set. Let us recall the following results proved by Cho and Oh in [8] , which holds for general toric manifolds. 
Notice that, by the proof of Lemma 3.1, any α ∈ H 2 (X, Z) with c 1 (α) = 0 cannot be expressed as a Z-linear combination of β i 's with positive coefficients. Hence, there must be only one disk component in Σ. Therefore, we can decompose Proof. Let ϕ m+1 : (D 2 , ∂D 2 ) → (X, L) be a holomorphic map representing the class β m+1 such that p ∈ ϕ(∂D 2 ). By Theorem 4.1(2), there exists one and only one such map up to automorphisms of D 2 . Consider the moduli space M 0,1 (X, h) of genus 0 stable maps to X with one marked point which represent the fiber class h. Since X → Y is a P 1 -bundle, the evaluation map ev : M 0,1 (X, h) → X is an isomorphism. Hence, there exists a unique (up to automorphisms of the domain) holomorphic map φ : P 1 → X representing the class h which passes through p ∈ L ⊂ X. The image of this map is the fiber C p ∼ = P 1 of X → Y which contains p. Now, the intersection C p ∩ L ∼ = S 1 splits the fiber C p into two disks. This gives two holomorphic maps
with classes β 0 and β m+1 respectively. By Theorem 4.1(2), they must be the same as ϕ 0 , ϕ m+1 up to automorphisms of D 2 . Hence, by composing ϕ m+1 with an automorphism of D 2 , which is uniquely determined by ϕ 0 , we get the desired unique holomorphic map representing the class β m+1 .
By Proposition 4.3, we can glue the maps
together to give a holomorphic map ϕ ′ : Σ → X which represents the class β 0 + β m+1 + α = h + α, where Σ is the union of Σ L and D 2 with their boundaries identified in the obvious way. It is easy to see that this map is stable. Hence, σ X := ((Σ, z), ϕ ′ ) represents a point in M X = M 0,1 (X, h + α) and we have ev(σ) = p. This defines a map Proof. By Lemma 3.2(1), there does not exist any nonconstant holomorphic map from P 1 to X representing the class h + α whose image is not contained entirely in the toric divisors. Hence, Σ must be singular. Decompose Σ into components Σ = a Σ a , where each Σ a ∼ = P 1 is irreducible. Then we have
Since h is primitive, there exists a 0 such that ϕ(
. By Lemma 3.1, we have c 1 (α ′ ) = c 1 (α") = 0. Then, by Lemma 3.2(2), the images of a =a 0 Σ a is contained entirely in the zero section D 0 . So the image of Σ a 0 must be intersecting with L at p. Applying Lemma 3.2(1) again, we see that α ′ must be zero. The result follows.
Note that ϕ 0 is a nonconstant holomorphic map from P 1 to X whose image contains p. Arguing as in the proof of Proposition 4.3, we see that the image of ϕ 0 is the fiber C p of the P 1 -bundle X → Y which contains p, and ϕ 0 (P 1 ) ∩ L = S 1 . We can then split
Again, since any automorphism of σ X = ((Σ, z), ϕ) acts trivially on the component Σ 0 , the map j −1 is well-defined. It is obvious that this is the inverse map of j. Hence, j is a bijective map. 
Proposition 4.5. Under the bijective map j
. Consider the linearization of the Cauchy-Riemann operator∂:
This is a Fredholm operator by ellipticity.
To construct the obstruction space, choose open subsets W a of Σ a whose closure is disjoint from the boundary of each of Σ a and from the singular and marked points. Then, for each a = 0, 1, . . . , k, by the unique continuation theorem, we can choose a finite dimensional subset
We also choose , z) . The group Aut(Σ L , z) may not be finite since some components may be unstable. However, we can naturally embed the Lie algebra Lie(Aut(Σ L , z)) into V map,σ L . Take its L 2 orthogonal complement (with respect to a certain metric). Then let V ′ map,σ L be a small neighborhood of the zero of it. On the other hand, let V deform,σ L be a small neighborhood of the origin in the space of first order deformations of the stable components of (Σ L , z). Also let V resolve,σ L be a small neighborhood of the origin in the space w T w Σ a ⊗ T w Σ b , where the sum is over singular points w ∈ Σ L \ Σ 0 and Σ a , Σ b are the two components such that Σ a ∩ Σ b = {w}. There is a family of marked semi-stable bor-
We remark that, since we do not deform the singular point in Σ 0 , each Σ L ζ is singular and can be decomposed as 
p is more or less the same as above,
We can now go back to the proof of the proposition.
First of all, it is obvious that the automorphism groups Γ σ L and Γ σ X are the same. Next, since the moduli space of maps from (D 2 , ∂D 2 ) to (X, L) with class β 0 is unobstructed, we can choose E 0 = 0 for the obstruction space E σ L . Similarly, since the moduli space of maps from P 1 to X with class h is unobstructed, we can also choose E 0 = 0 for the obstruction space E σ X . Hence, the obstruction spaces E σ L and E σ X are both of the form 0 ⊕ E 1 ⊕ . . . ⊕ E k and can be identified naturally.
We can identify V deform,σ L with V deform,σ X since the component Σ 0 in Σ L has no nontrivial deformations and the component Σ 0 in Σ is unstable. It is also clear that
, it follows that the restriction of ϕ u,ζ to the component Σ 0 is a holomorphic map with class β 0 . We also have ϕ u,ζ (z) = p. But there is a unique (up to automorphisms of the domain) holomorphic map from (D 2 , ∂D 2 ) to (X, L) with class β 0 whose boundary passes through p, which is given by ϕ| Σ 0 . So we must have u 0 = 0. By a similar argument, all (u, ζ) ∈ V σ X also have u 0 = 0. Therefore, we can naturally identify V σ L and V σ X .
Finally, we can identify the families of maps
by the gluing construction that we used in the definition of the map j. Hence, the maps s σ L and ψ σ L can also be naturally identified with the maps s σ X and ψ σ X respectively.
This completes the proof of the proposition. Theorem 1.1 now follows from Propositions 4.1 and 4.5.
Applications to mirror symmetry
In this section, we apply Theorem 1.1 to study mirror symmetry for the toric manifolds X = P(K Y ⊕ O Y ). We shall first briefly review the constructions of the mirrors for toric manifolds, following Cho-Oh [8] , Auroux [1, 2] , Fukaya-OhOhta-Ono [10, 11] and Chan-Leung [6, 7] .
As usual, N ∼ = Z n is a rank n lattice, M = Hom(N, Z) is the dual lattice and ·, · : M × N → Z is the dual pairing. Also let N R = N ⊗ Z R, M R = M ⊗ Z R, and denote by T N and T M the real tori N R /N and M R /M respectively.
Let X = X ∆ be an n-dimensional smooth projective toric variety defined by a fan ∆ in N R . Let v 1 , . . . , v d be the primitive generators of the 1-dimensional cones in ∆. We equip X with a toric Kähler structure ω. Let P be the corresponding moment polytope and µ : X → P be the moment map. P is defined by a set of
We are interested in the mirror symmetry for the Kähler manifold X, equipped with the toric Kähler structure ω and the nowhere zero meromorphic n-form log w n , where w 1 , . . . , w n are the standard complex coordinates on the open dense orbit U = N ⊗ Z C * ∼ = (C * ) n ⊂ X. From the point of view of Auroux [1] , we are looking at the mirror symmetry for X relative to the toric divisor
As before, D i is the toric prime divisor in X corresponding to v i . The mirror geometry is given by a Landau-Ginzburg model (X ∨ , W) consisting of a bounded domain X ∨ ⊂ (C * ) n and a holomorphic function W : X ∨ → C called the mirror superpotential.
As discussed in Auroux [1] and Chan-Leung [6, 7] , the mirror manifold X ∨ can be obtained by dualizing Lagrangian torus fibrations (so-called T-duality) as follows. Restricting the moment map µ : X → P to the open dense orbit U ⊂ X gives a torus bundle µ : U → Int(P), where Int(P) denotes the interior of the polytope P. In fact this bundle is trivial, so we have U = Int(P) × √ −1T N . The mirror manifold X ∨ is given by the total space of the dual torus bundle, i.e.
X ∨ comes with a natural Kähler structure. In particular, as a complex manifold, X ∨ is biholomorphic to a bounded domain in (C * ) n = M R × √ −1T M . If y = (y 1 , . . . , y n ) ∈ (R/2πZ) n are the fiber coordinates on T M and the complex coordinates on (C * ) n are given by z j = exp(−x j − √ −1y j ), j = 1, . . . , n, where x = (x 1 , . . . , x n ) ∈ Int(P), then X ∨ ⊂ (C * ) n can be written as
Geometrically, X ∨ should be viewed as the moduli space of pairs (L, ∇) consisting of a (special) Lagrangian torus fiber of the moment map µ : X → P together with a flat U (1) On the other hand, it turns out that the mirror superpotential W : X ∨ → C acts as the mirror of the obstruction m 0 to the Floer homology of Lagrangian torus fibers in X. 5 As shown in [9] , m 0 comes from the virtual counting of Maslov index two holomorphic disks in X with boundary in the Lagrangian torus fibers L. This leads to the following expression for W: Then the mirror superpotential W : X ∨ → C is given by the following holomorphic function 
where x ∈ Int(P) is the image of L under the moment map (i.e. L = µ −1 (x)). Hence, for the basic classes β i , the function Z β i is given in local coordinates by 
are the only Maslov index two classes. Hence, the mirror superpotential is given explicitly by Proof. First of all, since X is semi-Fano, c 1 (α) ≥ 0 for any effective class α ∈ H 2 (X, Z). Hence, if β ∈ π 2 (X, L) is a Maslov index two class, then it must be of the form β i + α for some i = 0, 1, . . . , m, m + 1 and some effective class 
and q α = exp(− 1 2π α ω). Proof. This is a consequence of formula (5.1), Lemma 5.1 and Theorem 1.1.
Example: The Hirzebruch surface F 2 . Consider X = F 2 = P(K P 1 ⊕ O P 1 ). We choose the primitive generators of the 1-dimensional cones in the fan ∆ defining
We equip F 2 with a toric Kähler structure so that moment polytope P is given by
where t 1 , t 2 > 0. See Figure 1 below. Figure 1 . The fan ∆ defining F 2 (left) and its moment polytope P (right).
The effective cone H eff 2 (F 2 , Z) is generated by two primitive relations v 0 + v 3 = 0, v 1 + v 2 − 2v 0 = 0. Let h := (1, 0, 0, 1), α := (−2, 1, 1, 0) ∈ H eff 2 (F 2 , Z) be the corresponding homology classes, which represent the fiber and the base of F 2 respectively. Then
Let q i = exp(−t i ) for i = 1, 2. We also have c 1 (h) = 2 and c 1 (α) = 0. Now, the mirror manifold X ∨ is a bounded domain in (C * ) 2 . By Theorem 5.1, the mirror superpotential W : X ∨ → C is given by 
